Abstract: Extended partial blockages in urban water supply systems (UWSS) are formed from complicated physical, chemical, and biological processes; thus, these blockages are commonly in random and nonuniform geometries. The transient-based blockage detection method (TBBDM) has been evidenced in many applications to be a promising way to diagnose these blockages. Despite the successful validation and application of the TBBDM in the literature, pipe blockages used in these studies were idealized and simplified to regular and uniform shape, which are however not common in practical UWSS, and thus invalidity and inaccuracy of this TBBDM has been widely observed in practical applications. This paper presents fundamental research on understanding the influence of more realistic and nonuniform blockages on transient wave behavior and the accuracy of current TBBDM. The blockage with a linearly varying diameter (termed as nonuniform blockage) is firstly investigated by the frequency domain analytical analysis for its impact on transient wave behavior, which is thereafter incorporated in the overall transfer matrix of transient frequency response for reservoir-pipeline-valve systems. The results indicate the nonuniform blockage may induce very different modification patterns on the frequency shift and amplitude change of transient waves from the uniform blockage situation.
Introduction
Blockages commonly exist in pressurized fresh water and seawater conveying pipelines due to various physical, chemical, and biological processes, including corrosion, biofilm accumulation, and deposition of sediments. Blockages can reduce pipe diameters and increase pipe wall roughness, resulting in lower water carrying capacity, additional energy loss, and deterioration of water quality (James and Shahzad 2003) . Unlike leaks, blockages are masked in the inaccessible buried pipeline network because they lack external evidence needed for detection and the lost pressure and flow across the blockage can be compensated by other branch pipelines in the network (Stephens 2008) . Therefore, it is crucial to develop a nondestructive blockage detection method to reduce the impact of blockages on the urban water supply systems (UWSS).
A variety of pipeline fault (leakage and blockage) detection methods has been summarized by Datta and Sarkar (2016) , among which the transient-based method (Colombo et al. 2009; Lee et al. 2013 ) is thought to be a promising way for diagnosing pipeline faults because it has the desirable merits of high efficiency, low cost, and nondestructive applications. The principle of this method is that pipeline faults can be detected by inducing a transient pressure wave into the pipeline followed by measuring and analyzing the pressure wave echoes (transient responses) from the potential pipe faults. Localized pipe faults (such as leaks and discrete blockages) generate additional pressure signals within the transient response; therefore, the location of these localized faults can be determined based on the occurrence time of the first pressure signal and the system wave speed. The transient-based analysis approach has been developed and used by many researchers for detecting and locating different localized pipe faults in the time domain (Brunone 1999; Brunone and Ferrante 2001; Covas and Ramos 2010; Covas et al. 2004; Lee et al. 2007; Meniconi et al. 2010 Meniconi et al. , 2011 . Although it is easy to operate, the small reflected pressure signal from localized faults is easily interfered by random background noise, making it difficult to accurately identify. Moreover, the complexity of system connections (such as multiple-pipe systems) may cause technical trouble for separating the transient response information (e.g., reflection) of faults from other sources when using this timedomain method. To address this problem, a number of publications proposed spectral analysis as an alternative way for detecting and sizing different localized faults in the frequency domain (Brunone and Ferrante 2004; Ferrante and Brunone 2003; Gong et al. 2014; Kim 2017 ; Lee et al. 2006 Lee et al. , 2008 Lee et al. , 2015 Wang et al. 2005) .
Specifically, Lee et al. (2006) showed that the presence of leaks in a pipeline induces a sinusoidal fluctuation pattern (termed the leak-induced pattern) onto the resonance peaks, and the amplitude and shape of this leak-induced pattern can be used to detect the size and location of the leak. It was also found that resonance peaks of leak case are in the same position as the leak-free case; in other words, no shifting of the frequency peaks is imposed. Discrete blockages in pipelines were found to have a similar influence on the resonant peaks (Lee et al. 2008; ; therefore, the size and location of discrete blockage can be diagnosed using a similar approach. Brunone et al. (2008) showed that extended blockages, which is a common scenario in aging pipelines, have a totally different influence on transient responses from discrete blockages, and thus methods used for discrete blockage detection may not be applicable to extended blockages. Duan et al. (2012) showed that extended blockages not only change the amplitude of resonant peaks, but also induce frequency shifts in resonant peaks (termed as blockage-induced frequency shifts). On the basis of the derived wave-blockage dispersion relationship in Duan et al. (2012) , a genetic algorithm (GA) based inverse optimization procedure was proposed to determine the physical properties (such as length, size, and location) of potential extended blockages. Duan et al. (2014) further inspected the transient wave-blockage interaction and theoretically explained the aforementioned blockageinduced frequency shifts.
Despite the successful application of this transient-based method for extended blockage detection in many numerical and laboratory tests, blockages used for analysis in previous studies were idealized and simplified to uniform shapes (Duan et al. 2012 Lee et al. 2013; Meniconi et al. 2013; Rubio Scola et al. 2017; Tuck et al. 2013) , which are actually equivalent to multiple pipe sections in series with different diameters connected together. However, real world blockages that are often formed from complex sources and processes are usually in highly random and nonuniform shapes as illustrated in Figs. 1(a-c) . Recently, Duan et al. (2017) experimentally investigated the influence of nonuniform blockages on transient wave behavior and the validity of current transient-based method for nonuniform blockage detection. It has been found that the blockage nonuniformity may have a great impact on both the wave attenuation and the phase (frequency) shift, which causes invalidity and inaccuracy of the current transient-based method when it is used to detect these nonuniform blockages. Therefore, a further, in-depth understanding of the influence of nonuniform blockages on transient responses is important for the development of a more accurate blockage detection method for practical UWSS.
To study the modification effect of nonuniform blockages on the system frequency response, Chaudhry (2014) replaced the actual nonuniform blockage (i.e., pipeline with gradually varying diameter) by a number of substitute uniform blockages in series. This treatment discretized the nonuniform blockage into many pricewise constant elements, and then individual matrixes for each element were multiplied to produce the approximated overall matrix for the whole nonuniform blockage. From their results, this approximation method only gives satisfactory prediction for the first few harmonic modes, and it is computationally expensive to get relatively accurate results for higher harmonic modes. As a result, this approximation treatment method may induce potential errors and influences for the transient modeling and utilization such as pipe blockage detection, especially for a pipeline with multiple blockages (Duan et al. 2010) . Therefore, it is worthwhile to develop more reliable (more accurate and efficient) methods to describe the transient frequency response of realistic blockage situations in water pipelines.
As a preliminary study, it is preferable and feasible to examine the realistic cases of nonuniform blockages by starting with simple cases, such as blockages with linearly varying diameters (termed as nonuniform blockages in this study) as shown in Fig. 1(d) , with the aim to understand the fundamental physics and mechanism of wave-blockage interactions. Specifically, the transient wave behavior in a single nonuniform blockage is obtained by analytically solving the wave equation under specific initial and boundary conditions. Thereafter, the obtained wave solutions are used to derive the overall transfer matrix for water pipeline systems with nonuniform blockages. The derived transfer matrix is fully validated by the traditional method of characteristics (MOC), and then used to systematically investigate the influences of nonuniform blockage shape, severity, and length on transient frequency responses. Finally, the findings and practical implications of this study are discussed.
Models and Methods

Wave Equation for a Single Nonuniform Blockage
The one-dimensional (1D) wave equation for nonuniform blockages with varying cross-sectional areas was derived as (Duan et al. 2011; Duan 2017 )
where t = time; x = axial coordinate along the pipeline; A ¼ AðxÞ = pipe cross-sectional area; P = instantaneous pressure in the time domain; and a ¼ aðxÞ = acoustic wave speed, which represents the characteristics of pipe-wall deformation and properties of internal fluid (e.g., water). Note that a frictionless pipeline system with elastic pipe wall is firstly considered in the analytical derivation to highlight the waveblockage interaction . Pipeline systems with linearized steady friction will be further discussed in the numerical applications.
Alternatively, Eq. (1) can be rewritten
where A 0 = derivative dA=dx. For transient pipe flows, the instantaneous pressure P can be expressed as (Chaudhry 2014) 
where P 0 = mean pressure; and p Ã = pressure deviation from the mean. Because the pipeline is frictionless, P 0 is constant in terms of both x and t, and then Eq. (2) becomes
which is a linear partial differential equation (PDE) and can be solved under specific boundary and initial conditions.
Transient Wave Behavior in a Single Nonuniform Blockage
In the preceding wave equation, it is assumed that the solution p Ã has the following form (Chaudhry 2014 )
where p = pressure in the frequency domain; ω = angular frequency; and i = imaginary part. Substituting Eq. (5) back into Eq. (4), the PDE becomes the following linear ordinary differential equation (ODE)
where k ¼ kðxÞ ¼ ω=aðxÞ = wave number. In fact, Eq. (6) is in the same form with the Webster's horn equation in acoustics (Webster 1919) . The variation of the wave speed within a shallow nonuniform blockage along the axial direction is relatively small compared with the wave speed a 0 in intact sections. For example, the field tests by Lee et al. (2017) showed that the average percentage of wave speed variation in deteriorated field water pipelines is around 8.25%. Thus, the wave speed a b ðxÞ within the nonuniform blockage is represented by the average value (i.e.,ā b ) throughout the blockage section, which is different from the original value of intact pipelines (i.e., a 0 ) because of the blockage-induced changes in pipe properties (e.g., diameter, thickness, and material). As a result, the wave number k within the nonuniform blockage in Eq. (6) becomes k b ¼ ω=ā b . Sensitivity analysis will be conducted later in this paper to examine the validity range (limitation) of this assumption (i.e., using the average wave speed within the blockage section). Applying Eq. (6) in the nth nonuniform blockage, as shown in Fig. 1(d 
For quantitative analysis, the pipe radius of the nth nonuniform blockage in Fig. 1(d) is defined as
where r n = pipe radius of the nth nonuniform blockage; R Ln = pipe radius at the left boundary of the nth nonuniform blockage; and s n ¼ ðR − R Ln Þ=l n = slope of the nth nonuniform blockage, in which R = intact pipe radius and l n = length of the nth nonuniform blockage in Fig. 1(d) .
Based on the expression of r n in Eq. (8), the pipe cross-sectional area A n and its derivative A 0 n can be calculated, thus
Substituting Eq. (9) into Eq. (7), it becomes
It is assumed that the solution for the wave equation Eq. (10) is a plane wave solution in the following form (Munjal 2014) 
where α = coefficient that remains to be determined; note that the denominator is the pipe radius of the nth nonuniform blockage in Eq. (8). Furthermore, substituting Eq. (11) into Eq. (10) results in the following characteristic equation for α
As a result, α has two solutions
Substituting two solutions into Eq. (11), two special solutions for wave equation Eq. (10) can be obtained
In fact, these two plane wave solutions ðp n Þ 1 and ðp n Þ 2 are the incident and reflected waves propagating toward opposite directions. It can be observed from the numerator of Eq. (14) that the transient waves distribute sinusoidally in space with a constant wave number k b . In addition, the amplitude of these two waves is modified by the denominator, which is the pipe radius of the nth nonuniform blockage. It means that the wave amplitude is inversely proportional to the radius of the nth nonuniform blockage.
Because the wave equation Eq. (10) is a linear ODE, based on the superposition principle, the general solution for wave equation can be obtained
where C 1 and C 2 are two constants.
To have an intuitive sense of wave behavior in a single nonuniform blockage, the plane wave solutions in Eq. (14) are visualized in both uniform and nonuniform blockages. A localized incident wave is created at the right boundary of these two blocked pipelines, and detailed parameters of these two systems are listed in Table 1 . Note that these two pipelines have the same blocked volume, which means that the average pipe diameter for these two blockages is the same, and the left boundaries of these two pipelines are reflection-free. The obtained results are plotted in Fig. 2 , showing how the localized incident wave evolves as it propagates in the pipeline from right to left. The spatial coordinate x is Uniform blockage
normalized by the intact pipe radius R and is expressed as x D in the horizontal axis. The pressure is normalized by the pressure in the intact pipeline and is expressed as dimensionless pressure p D . It can be seen from Fig. 2 that the wave amplitude in the uniform blockage keeps constant, while the wave amplitude in the nonuniform blockage gradually increases as the wave propagates to the left. This is consistent with the wave solution in Eq. (14), because the denominator of Eq. (14) for the nonuniform blockage gradually decreases from right to left. In fact, this result is consistent with the former study by the authors with regard to energy analysis of wave scattering in disordered-diameter pipelines (Duan et al. 2011) . That is, nonuniform blockages in the pipeline may cause the energy redistribution of pressure waves in both temporal and spatial domains in the system.
Overall Transfer Matrix for Pipeline Systems with a Single Nonuniform Blockage
To study the transient frequency responses for pipeline systems with a single nonuniform blockage, the obtained wave solution in Eq. (15) is used to derive the transfer matrix. The transfer matrix is the linearized counterpart of mass and momentum equations in the frequency domain. It describes the wave behavior and connects state vectors at two boundaries of the pipeline system without discretization of the pipeline in space. Thus, it has the advantage of computational efficiency compared with some time domain methods, such as the MOC.
The derivation procedure of the transfer matrix for a single uniform blockage (or pipeline) was provided in Chaudhry (2014) . A similar procedure is adopted herein to derive the transfer matrix for a single nonuniform blockage, based on the wave solution in Eq. (15). Note that the pressure deviation p in Eq. (15) is transformed into the pressure head deviation h in this section, which is a common practice in hydraulic engineering.
The derived transfer matrix for a single nonuniform blockage [i.e., the nth nonuniform blockage in Fig. 1 
where q = discharge deviation in the frequency domain; h = pressure head deviation in the frequency domain; subscripts n and n þ 1 = upstream and downstream boundaries of the nth nonuniform blockage, respectively; and U ij = elements of transfer matrix, with the following forms:
Note that the uniform blockage is a special case of the nonuniform blockage when the slope s n equals zero (s n ¼ 0). As a result, Eq. (16) becomes
where k 0 = wave number for the uniform blockage; and M n ¼ a=A n g. This result is consistent with the transfer matrix for a uniform blockage in Chaudhry (2014) .
To study the transient frequency responses, the derived transfer matrix is applied to a reservoir-pipeline-valve (RPV) system as shown in Fig. 3 . The transfer matrix with external head and discharge perturbations should be expanded to a 3 × 3 matrix in the following form (Chaudhry 2014; Duan et al. 2012; Lee et al. 2008) 0
where subscripts A and B = upstream and downstream boundaries of the pipeline system. Variables q B and h B at the downstream valve can be expressed as 
For the RPV system in Fig. 3 , it has the boundary conditions h A ¼ q B ¼ 0. Eqs. (19) and (20) result in
As a result, for a leak-free pipeline system, Eq. (21) becomes (Lee et al. 2006 )
The resonant frequency of head responses for RPV systems with a single nonuniform blockage can be obtained when the denominator of Eq. (22) (i.e., U 11 ) equals to zero.
For RPV systems with a single uniform blockage, (n ¼ 1 and s 1 ¼ 0), the resonance frequency is
which shows that the resonant peaks are uniformly distributed in the frequency domain.
Similarly, for RPV systems with a single nonuniform blockage, (n ¼ 1 and s 1 ≠ 0), let U 11 ¼ 0, resulting in the resonant frequency for this RPV system
Unlike the resonant frequency for the uniform blockage, Eq. (24) has an extra term sinðk b l 1 Þ, which may result in resonant frequency shifts. If the slope of this nonuniform blockage equals zero (i.e., s 1 ¼ 0), the nonuniform blockage becomes a uniform blockage and Eq. (24) becomes cosðk b l 1 Þ ¼ 0. This result indicates that resonant peaks for a uniform blockage are uniformly distributed regardless of the radius size, which is consistent with Eq. (23).
The transient frequency responses for an RPV system are studied for both uniform and nonuniform blockages. Note that the friction is neglected herein for highlighting the effect of blockage nonuniformity. As shown in Fig. 3 , there is a single blockage (uniform or nonuniform) between the upstream reservoir and downstream valve. The transient wave is caused by the fast and full closure of the downstream valve.
The frequency responses for both cases are plotted in Fig. 4 . The frequency is normalized by the fundamental frequency of the pipeline system ω th ¼ā b =4l 1 , and is expressed as nondimensional frequency ω Ã . Theoretically the amplitude of head response should go to infinity because the friction is not included in the transfer matrix. It is shown in Fig. 4 that the resonant peaks for the uniform blockage are uniformly distributed, whereas that for the nonuniform blockage has evident frequency shifts, especially for the first resonant peak. Moreover, as the frequency increases, the induced frequency shift by the nonuniform blockage becomes less evident. This can be explained by the analytical resonant frequency in Eq. (24): as frequency increases, the wave number k b also increases, then the first term cosðk b l 1 Þ in Eq. (24) will become dominant; therefore, the frequency shift caused by the nonuniform blockage becomes less evident for higher frequency modes.
Extended Transfer Matrix for Pipeline Systems with Multiple Nonuniform Blockages
So far, the transfer matrixes for single uniform and nonuniform blockages have been obtained. For illustration and simplification, only the case of two joint nonuniform blockages shown in Fig. 5(b) is considered and investigated in this study, although for more complex cases a similar analysis procedure presented herein can be applied. It is assumed there is no pressure head loss at pipe junctions (Duan et al. 2012) . The overall matrix for this pipeline system (made up of four segments) relates the state vectors at two boundaries, A and B, and can be obtained by multiplying individual matrixes for each pipe element in the order of their locations starting from the downstream end
For clarity, Eq. (25) can be further derived and written
where U Ã ij = elements of the overall transfer matrix for the fourpipeline system. Similar with Eqs. (23) and (24), the resonance frequency for the four-pipeline system can be obtained by letting
Note that the analytical result in Eq. (27) for resonant frequency of a four-pipeline system becomes complicated in its mathematical expression, which can be obtained by solving the former Eqs. (16) and (25). Compared with the intact PRV system, the resonant frequency shift of Eq. (27) can be attributed to two sources: (1) the blockage nonuniformity AðxÞ and (2) the wave speed nonuniformity aðxÞ along the axial direction of the PRV system. To highlight the influence of blockage nonuniformity (or to eliminate the influence of wave speed nonuniformity) on resonant frequency shifts and simplify the analytical derivation in Eq. (27), it is first assumed herein that the wave speed in the whole pipeline system is constant, and the absolute values of nonuniform blockage slope js 2 j (constriction section) and js 3 j (expansion section) in Fig. 5(b) are equal (js 2 j ¼ js 3 j ¼ s). Then, Eq. (27) becomes
where the second term on the left-hand side contains a series of trigonometric terms; FðÞ = linear function of R and R L3 ; f = integer ranges from 1 to 3. Three special cases are firstly verified as follows: 1. s ¼ 0 (i.e., blockage-free case): the pipe radius on the left boundary of second pipeline in Fig. 5(b) R L2 is the same as the intact pipe radius R; s ¼ 0 means that there is no blockage in the fourpipeline system. All terms containing s equal zero, and only one term
Under this condition, Eq. (28) is simplified into
which implies that the resonant peaks for the intact four-pipeline system of Fig. 5(b) are uniformly distributed in the frequency domain, which is consistent with previous studies (Chaudhry 2014; Lee et al. 2013 ). 2. s ∼ ∞ððl 2 þ l 3 Þ=ðl 1 þ l 2 þ l 3 þ l 4 Þ ∼ 0, i.e., discrete blockage case): if the slope of the nonuniform blockage tends to infinity, it means that the length of the nonuniform blockage is negligibly small compared with the total length of the pipeline ðl 2 þ l 3 Þ=ðl 1 þ l 2 þ l 3 þ l 4 Þ ∼ 0, and the nonuniform blockage can be regarded as a discrete blockage. Terms with s to the high order will become dominant, but the summation of all terms containing s 3 equals zero. Therefore, all terms containing s 2 are further summed, and it turns out to be
Because the blockage length l 2 þ l 3 is negligibly small compared with the total length of the pipeline l 1 þ l 2 þ l 3 þ l 4 , the preceding equation can be approximated by cos½k b ðl 1 þ l 2 þ l 3 þ l 4 Þ ¼ 0. This is equivalent to the former results for the blockage-free case (s ¼ 0) and indicates that the discrete blockage does not induce frequency shifts, which is well verified by the known results from previous studies (Lee et al. 2008 . 3. High-frequency harmonic waves: the terms in the equation with the highest order of ω will play dominant roles. Only the term
which is the same as the blockage-free case (s ¼ 0). It means that the frequency shift induced by the blockage nonuniformity becomes less evident as the frequency increases. It is a reminder that this result and analysis here is obtained under the condition of constant wave speed in the whole pipeline system, and the influence of wave speed variation from the blockage section is inspected in the following study.
Numerical Validation
To validate the analytical resonant frequency in Eq. (27), the classical frictionless 1D water hammer model coupling with the MOC is adopted herein for comparison. The RPV system with two joint nonuniform blockages is used for the numerical validation. In this study, nonuniform blockages are represented by stainless-steel pipelines with linearly varying diameters as shown Table 2 for detailed parameters). Wave speeds for intact and blocked pipe sections are calculated based on the wave speed formula given in Wylie et al. (1993) and Chaudhry (2014) as a 0 ¼ 1,206 andā b ¼ 1,249 m=s. For simplicity of MOC calculation, a 0 andā b are taken to be 1,000 and 1,050 m=s, respectively. In the numerical simulation, the nonuniform blockage is approximated by stepwise discretized grids, and the 1,000-m-long pipeline is divided into 3,960 relatively small reaches (i.e., spatial grid size Δx ∼ 0.25 m) to decrease the frequency shift caused by numerical errors. The transient (pressure wave) is generated by a sudden and full closure of the downstream valve, and the pressure head trace is measured at the upstream face of the valve. The measured pressure head trace is transformed into the frequency domain by a fast Fourier transform (FFT) algorithm.
The analytical and numerical transient frequency responses with the first 10 resonant peaks are plotted in Fig. 6(a) . In addition, the resonant frequency difference between analytical and numerical MOC results for the first 100 resonant peaks are extracted and plotted in Fig. 6(b) . Fig. 6(a) shows that the resonant peaks for the nonuniform blockage system are not uniformly distributed, and this means the presence of the nonuniform blockages has changed the resonant frequencies of the original intact system. Moreover, these figures indicate good agreement between the analytical and numerical results in terms of resonant frequency, which confirms the validity of the analytical result in Eq. (27).
Further Application and Results Analysis
Based on the validated overall transfer matrix, the transient frequency responses for RPV systems with nonuniform blockages, as shown in Fig. 5(b) , are investigated in this section. Duan et al. (2012) demonstrated that friction effects (both steady and unsteady) induce decreases in the magnitude of resonant peaks but have little impact on the location of resonant peaks, and the main purpose of this study is to investigate the influence of blockage nonuniformity on resonant frequency shifts. Thus, only the linearized steady friction is included in the following numerical applications. The nonlinear steady friction and unsteady friction (Meniconi et al. 2014) can be also included using a method similar to the one presented in Duan et al. (2018) .
Uniform and Nonuniform Blockages with Same Blocked Volume
To study the influence of blockage nonuniformity (blockage severity, length, and slope) on transient frequency responses, seven test cases (Tests T1-T7) with different parameters listed in Table 3 are investigated using the analytical results obtained in this study. In this section, the first three tests in Table 3 (i.e., T1-T3) are used for comparison of the impacts of pipe blockage and its nonuniformity on transient frequency responses. Specifically, Tests T2 and T3 are the cases of uniform and nonuniform blockages with same blocked volume in the pipeline, and Test T1 is the intact pipeline system. The transient frequency responses at downstream end for these three tests are plotted in Fig. 7 . Fig. 7(a) is shown for the relatively low frequency domain, in which the dimensionless frequency ω Ã ranges from 0 to 20. As shown in Fig. 7(a) , the resonant peaks for the intact pipeline system are uniformly distributed in the frequency domain, whereas the presence of uniform and nonuniform blockages within the pipeline results in evident resonant frequency shifts and peak amplitude changes. Moreover, the resonant frequency shift and the peak amplitude change induced by uniform and nonuniform blockages have significant differences, although the same blockage volume has been imposed for the two blockage situations. Fig. 7(b) is plotted for the relatively higher frequency domain, with the dimensionless frequency ω Ã from 180 to 200. Similar with low frequency modes, both the resonant frequency shift and peak amplitude change caused by the nonuniform blockage are very different from that caused by the uniform blockage. Nevertheless, the resonant frequency for the nonuniform blockage system almost coincides with that of the blockage-free system. This can be explained by the Special Case (3) of Eq. (28): the frequency shift induced by the nonuniform blockage becomes less evident for high resonant frequency.
To gain an insight into the blockage-induced frequency shift and amplitude change, the first 100 resonant peaks for the uniform and nonuniform blockage systems are further extracted and analyzed. The frequency shifts for uniform and nonuniform blockages are plotted in Fig. 8(a) . Note that the blockage-induced frequency shift for the mth resonant peak is defined as δω
where ω Ã mb = frequency of mth resonant peak for the blocked pipeline system; and ω Ã mi = frequency of mth resonant peak for the intact pipeline system. It can be observed from Fig. 8(a) that both the uniform and nonuniform blockages induced resonant frequency shifts that fluctuate with the peak number (equivalent to frequency). Specifically, the frequency shift fluctuation induced by the uniform blockage almost keeps the same order of magnitude as the peak number increases, whereas that induced by the nonuniform blockage is highly dependent on frequency. In the results for nonuniform blockage, the frequency shift fluctuation becomes less evident (tends to zero) as frequency increases. Similarly, the blockageinduced resonant peak amplitude change for the mth resonant peak is defined as δh B;m ¼ h B;mb − h B;mi , where h B;mb = amplitude of mth resonant peak for the blocked pipeline system; and h B;mi = amplitude of mth resonant peak for the intact pipeline system. The resonant peak amplitude changes for uniform and nonuniform blockages are plotted in Fig. 8(b) for convenient comparison. Similar to frequency shift fluctuation, the resonant peak amplitude change fluctuation induced by the uniform blockage almost keeps the same order of magnitude, whereas that induced by the nonuniform blockage gradually decreases with frequency.
Influence of Nonuniform Blockage Severity
In this section, the influence of nonuniform blockage severity on transient frequency responses is investigated. As shown in Fig. 5(b) , the length of the nonuniform blockage (l 2 and l 3 ) is fixed. The blockage severity is defined as S ¼ ðR − R L3 Þ=R, and it is proportional to the slope s of the nonuniform blockage S ∼ s ¼ ðR − R L3 Þ=l 3 . For tests T3-T5 as shown in Table 3 , R L3 gradually increases from 0.15 to 0.2 m, which means that the nonuniform blockage becomes less severe. The resonant frequency shift and peak amplitude change induced by nonuniform blockages are plotted in Fig. 9 . It can be seen from Fig. 9 (a) that the overall trend of frequency shift fluctuation for these cases is similar with Test T3 except for the extent of fluctuation. Specifically, the frequency shift fluctuation becomes less evident as the nonuniform blockage becomes less severe. Similarly, Fig. 9(b) shows that the extent of amplitude change fluctuation decreases as the nonuniform blockage becomes less severe. These results are reasonable because more severe nonuniform blockage should have more influence on the frequency and amplitude of transient frequency responses for an original intact pipeline system. In addition, the overall patterns (or trends) for frequency shift and amplitude change of these three cases are similar. This may indicate that the patterns of frequency shift and amplitude change are independent of the nonuniform blockage severity.
Influence of Nonuniform Blockage Length
The influence of nonuniform blockage length on transient frequency responses is examined herein by fixing other parameters. As is shown in Fig. 5(b) , the location of nonuniform blockage center (l 1 þ l 2 ) and the pipe radius at the left boundary of Pipe 3 (R L3 ) are fixed. The nonuniform blockage length (l 2 and l 3 )
gradually decrease from 100 to 1 m for Tests T3, T6, and T7 in Table 3 . It is found that the frequency shift and amplitude change are in a certain pattern, and the period of this pattern is inversely proportional to the length of the nonuniform blockage. For convenient observation, the peak number m is divided by the normalized parameter L=l 2 and is expressed as m Ã in Fig. 10 . Fig. 10(a) shows that the frequency shift patterns for three cases are periodic and roughly the same; meanwhile, the period of this induced pattern is in unit length of m Ã . The overall extent of the frequency shift periodically decreases in terms of m Ã . This frequency shift pattern can be explained by the former Special Case (3) of Eq. (28). As the m Ã , which is proportional to ω, increases, the term
3 gradually becomes dominant and the frequency shift becomes less evident; thus, the overall extent of the periodic pattern gradually decreases. In addition, the periodic pattern can be attributed to the remaining trigonometric terms of Eq. (28). Similar behavior can be found in Fig. 10(b) for the amplitude change induced by the nonuniform blockage. Besides, a longer nonuniform blockage causes more amplitude attenuation.
Sensitivity Analysis of Resonant Frequency Shifts to the Wave Speed
In realistic pipelines as shown in Figs. 1(a and b) , the wave speed a b ðxÞ within the nonuniform blockage section would change along the axial direction due to the variation of pipe properties. In the preceding analytical derivations, a b ðxÞ is represented approximately by the average wave speedā b under the same blocked volume condition. As a result, the observed resonant frequency shifts in Tests T3-T7 are obtained based on this average wave speedā b . Therefore, it is necessary to examine the influence and validity range of this assumption for all tests in this study. For this purpose, the first-order second-moment (FOSM) method (Duan 2016 ) is adopted to theoretically investigate the sensitivity of the obtained resonant frequency shift patterns by the developed method in this study to the varying wave speed with average value ofā b in the nonuniform blockage section. Eq. (27) describes the relationship between the resonant frequency (ω m ) and system properties (e.g., average wave speed in the blocked sectionā b , wave speed in the intact section a 0 , and slope of the nonuniform blockage s), which can be expressed as the following function:
ω m ¼ Gðā b ; a 0 ; s; R; R L3 ; l 2 ; : : : Þ ¼ GðX 1 ; X 2 ; X 3 ; : : : ; X j Þ
where GðÞ = function; X 1 ; : : : ; X j = uncertainty factors; and j = number of uncertainty factors. The detailed procedures of FOSM for the sensitivity analysis may be found in the previous study by Duan (2016) . For quantitative analysis, the sensitivity coefficient of resonant frequency shifts to the average wave speedā b for the mth resonant peak is defined as the variation (or variation percentage) of the transient response frequency shift to the variation (or variation percentage) of the wave speed
Eq. (30) is evaluated at (μ 1 ; μ 2 ; μ 3 ; : : : ; μ j ), in which μ 1 through μ j are mean values of variables X 1 through X j .
By combining the results of Eqs. (27)- (30), the sensitivity coefficients ðc m Þ of Tests T3, T4, and T5 for the first 100 resonant peaks (representing both low and relatively high frequency domains) are calculated and plotted in Fig. 11(a) . It can be observed in Fig. 11(a) that the first 20 resonant peaks (i.e., relatively low frequency domain), which are usually of practical importance, are less sensitive to the wave speed variation compared with remaining resonant peaks in high frequency regions, and the maximum value of sensitivity coefficient (i.e., 0.55) for the first 20 resonant peaks occurs at m ¼ 3 for Test T5. Then, the sensitivity coefficients for two more severe blockage cases (i.e., Tests T3 and T4) gradually increase with frequency. The maximum value of sensitivity coefficient (i.e., 1.01) occurs at m ¼ 97 for Test T3, which means that the maximum error (or uncertainty) of resonant frequency shifts induced by the varying wave speed is in the same order as the variation of wave speed parameter, whereas the sensitivity coefficients for the shallow blockage case (i.e., Test T5) almost keep the same order of magnitude in the frequency domain, which is much less than 1.0. As a result, the percentage errors of frequency shifts Δδω Fig. 11(b) . The result clearly shows that the maximum frequency shift errors for Tests T3, T4, and T5 are within 3.5, 2.2, and 1.0%, respectively, which are acceptable for the blockage detection application in this study.
Discussion and Implication
The preceding results and analysis suggest that, unlike the uniform blockage, the frequency shift δω m becomes less evident. This finding is useful to explain the inaccuracy of the current frequency domain TBBDM, which is based on the blockageinduced frequency shift, for nonuniform blockages detection in Duan et al. (2017) . Therefore, further improvement of such transient-based method is necessary for the nonuniform blockage detection.
The results comparison has also shown that, with fixed blockage length, the blockage-induced frequency shift gets more evident as the nonuniformity becomes more severe (i.e., δω Ã m ∼ s). Besides, the overall extent of frequency shifts for different blockage severities is decreased as frequency increases (i.e., δω
Therefore, for fixed blockage length, the blockage-induced frequency shift δω Ã m is proportional to the slope of the nonuniform blockage ðsÞ and is inversely related to the frequency ω Ã m , that is, δω Ã m ∼ s=ω Ã m . In addition, for fixed blockage severity, the frequency shift pattern for various blockage length is the same, and the period of this pattern T pattern is inversely proportional to the length of the blockage T pattern ∼ 1=l 2 . This period may offer us a method to detect the length of the nonuniform blockage. Based on m=ðL=l 2 Þ ¼ Tðm Ã Þ, where T ¼ 1 is the period of the frequency shift pattern in terms of m Ã , the blockage length l 2 can be determined.
The obtained dependence relationship of transient wave behavior and blockage nonuniformity may provide useful implication to the transient analysis and blockage detection in real pipeline systems. Specifically, the current TBBDM can be further extended to more general and realistic situations of pipe blockages. That is, it is necessary to include the characteristic parameters, i.e., the slope (s), severity (R L3 ), and location (l 4 ) of nonuniform blockages, in the TBBDM, which can be inversely determined based on the derived results of Eq. (27) in this study. Consequently, it is expected that, based on the results and findings of this study, the accuracy of current transient-based method can be improved and extended for realistic pipeline diagnosis, which will be investigated through further theoretical analysis and experimental tests in the next-step work.
It is worth noting that the wave equation, Eq. (1), used in this research is derived based on the classic 1D water hammer model in which the plane wave assumption has been imposed (Chaudhry 2014) . As a result, the validity frequency range of this wave equation will be governed by the plane wave condition. According to previous studies on radial pressure waves Hall 1932; , the plane wave assumption is valid only when the harmonic frequencies are lower than the cut-off frequency of given pipe systems. On this point, all the peak frequencies used for analysis in this study are much smaller than this critical cut-off frequency of the blocked pipe systems. In other words, the used 1D wave equation is valid for all the results obtained in the present study. In addition, the average wave speed within nonuniform blockages in Table 3 is mainly evaluated from the changes of pipe diameters due to blockages. This is mainly because the main purpose of this study is to examine the influence of blockage nonuniformity on transient frequency responses. However, the developed method of this study is still valid for practical applications in which the wave speed varies with different factors, such as pipe diameters, wall thickness, and modulus of elasticity of the pipe wall, only if such information is known to the models.
Conclusions
This paper investigates the transient frequency responses for pressurized water pipeline systems with nonuniform blockages. The transient wave behavior is obtained by analytically solving the wave equation for a single blockage with a linearly varying diameter. The wave solution is used to derive the overall transfer matrix for a pressurized water pipeline system with nonuniform blockages, which is then numerically validated by the traditional MOC. With validated analytical results, the influences of blockage shape (slope), severity, and length on transient frequency responses are studied systematically for different cases. The results indicate the nonuniform blockage may induce very different modification patterns on the frequency shift and amplitude change of transient waves from the uniform blockage situation. The findings of this study are useful to improve the current transient-based method for nonuniform blockage detection in real pipeline systems. Although only the linear geometry of the nonuniform blockages has been considered in the current study, this research may provide a framework for exploring the diagnosis and analysis of realistic pipelines with nonuniform blockages. It is also noted that more investigations including numerical and experimental tests are required in the future work.
